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A specific algebraic coupling model involving multiple quantization axes is presented in which
previously indistinguishable SU(2) symmetry groups become distinguishable when coupled into a
SU(3) group structure. The model reveals new intrinsic angular momentum (or isospin) eigenvectors
whose structural symmetries are detailed, some of which are not available for groups having only
one quantization axis available for configurations. Additionally, an intrinsic cyclic ordering of the
quantization axes and internal geometric phase relations between the basis states naturally fall
out from the algebraic properties of the group. The nature of the coupling into a SU(3) symmetry
group also allows for the definition of both positive and negative basis states along each quantization
axis relative to the center of the group. These basis states configurations mimic those observed in
color-charge and electroweak theories.
I. INTRODUCTION
The three SU(2) groups contained within the SU(3)
group have been known for many years now [1, 2]. The
main physics related conceptional aspects associated with
these groups within SU(3) are: nuclear models [3], flavor
symmetries by way of I-spin, U-spin, and V-spin doublets
[4, 5], and “color-charge” associated with quarks [6, 7].
Even though the details of nuclear models and flavor spin
doublets are valid in every aspect, the “color-charge” as-
pects associated with this group are said to be an exact
symmetry.
While the three-dimensional SU(3) group may be fa-
miliar to many of us, the underlying physics associated
with the group may not be. The physics is definitely is
not as familiar as what we know and associate with the
two-dimensional SU(2) group. The extra column and
row that the SU(3) matrices contain make the intrinsic
understanding of the underlying physics more obscure
and less easily to comprehend. This paper attempts to
alleviate this issue by simplifying the physics contained
within the SU(3) group into that associated with three
coupled SU(2) groups. In doing so we can access and
apply the foundations associated with the physics of the
SU(2) group to understanding the physics and structures
associated with and contained within the SU(3) group.
This first part of this paper explores the algebraic de-
tails of the SU(3) group and the associated coupling of
multiple SU(2) symmetry axes with one another into a
multi-quantization axis group structure. Specifically, the
SU(3) group vector space is defined by and is solely com-
prised by three coupled SU(2) groups, each having an
associated matrix group that includes an independent
quantization axis. This algebraic foundation allows for
the definition of three intrinsic angular momentum (or
iso-spin) groups with basis states along each quantiza-
tion axes. These basis states form single-axis and multi-
axis eigenvector configurations that have very specific
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exchange transformation symmetries. Configurations in-
volving one, two, three, and more coupled basis states
are presented.
This second part of this paper explores the geomet-
rical structure of the SU(2) groups within SU(3) group
that allows for the realization of definable phase relations
between the quantization axes and basis states. These
phases are internal to the coupled group and are refer-
enced to the positive directionality or negative direction-
ality associated with each quantization axis. Raising and
lowering operations allow for the coupling of basis state
configurations defined on the same or different axes in
addition to the coupling between positive directionality
defined basis state configurations and negative direction-
ality defined basis state configurations.
II. THE ALGEBRAIC RELATIONSHIPS OF
SU(2) SUBGROUPS WITHIN SU(3)
The SU(3) algebraic group is defined by the Gell-Mann
matrices λi where the subscript runs from 1 to 8. These
three dimensional matrices contain three SU(2) groups
coupled together by very specific algebraic relationships
to form the SU(3) group. This section defines these rela-
tionships.
Six of the Gell-Mann matrices contain only off diagonal
elements. They are λ1, λ2, λ4, λ5, λ6, and λ7. Two of the
matrices, λ3 and λ8, contain only diagonal elements and
are called the generators of the group. These matrices
represent a set of complex vectors with the latter two
matrices also representing two orthogonal quantization
axes that define a plane. On this two-dimensional plane
the SU(3) eigenvectors produce two SU(3) eigenvalues.
One lying on the quantization axis produced by the λ3
generator and the other lying on the quantization axis
produced by the λ8 generator.
For the SU(3) group’s quantum numbers to be solely
comprised from the coupling of three SU(2) groups, then
the three groups SU(2) quantization axes must also lie
on the plane defined by the SU(3) group quantization
axes. To extract the three SU(2) symmetry axes con-
2tained within the SU(3) group, we construct three “0-
component” matrices. Each of the three “0-component”
matrices represent one the SU(2) quantization axes, (12),
(45), or (67), found in the SU(3) group. The three copla-
nar “0-component” matrices are defined as:
λ12
0
= λ3, λ
45
0
= − 1
2
(
+λ3 +
√
3λ8
)
,
and λ67
0
= − 1
2
(
+λ3 −
√
3λ8
)
,
(1)
and fundementally represents the geometrical relation-
ship between three SU(2) symmetry axes that define a
SU(3) group plane.
The three SU(2) groups naturally fall out from the
above definitions. Two of the groups, (λ1, λ2, λ
12
0
) and
(λ6, λ7, λ
67
0
), are cyclically right-handed, while one group,
(λ4, λ5, λ
45
0
), is cyclically left-handed. In right-handed
form, the three groups: (λ1, λ2, λ
12
0
), (λ5, λ4, λ
45
0
), and
(λ6, λ7, λ
67
0
), each individually follows a cyclic intragroup
(same axis) right-handed SU(2) defining algebraic rela-
tion [λk, λl] = +2iλm ǫklm.
In addition to the above intragroup SU(2) algebraic
relations, each of the three groups couple to one an-
other through an intergroup (different axis) algebraic re-
lationship: [λa
0
, λl1 ] = ±iλl2 where the l1 and l2 sub-
scripts represent two different “non-0-component” mem-
bers from the same (intra-axis) SU(2) group, and λa
0
is
a “0-component” member from a different (inter-axis)
SU(2) group. A most important relationship between
the three groups is λ × λ = 0 for the “0-component”
matrices:
[
λ12
0
, λ45
0
]
= 03,
[
λ45
0
, λ67
0
]
= 03,
[
λ67
0
, λ12
0
]
= 03. (2)
The importance of the above commutations means that
we have simultaneously measurable eigenvalues along
each of the three “0-component” quantization axes. As
with eigenvector producing two SU(3) eigenvalues, the
same eigenvector produces three eigenvalues within the
SU(3) symmetry plane, one along each SU(2) symmetry
axis contained within the plane.
III. MULTIPLE QUANTIZATION AXES
CONFIGURATIONS AND THEIR SYMMETRIES
The SU(3) group contains three coupled SU(2) sym-
metry groups that are defined by the (12), (45), and (67)
quantization axes. As with any SU(2) symmetry group,
each contains a raising operator, a lowering operator, and
a “0-component” operator. Additionally, since the three
SU(2) “0-component” matrices commute with one an-
other, simultaneously eigenvalues are not only measur-
able but basis states are definable along each of the three
quantization axes.
This section takes a bottoms up approach in building
configurations having a SU(3) group symmetry structure.
The only requirement is that all SU(3) configurations are
created by basis states defined on one of the three cou-
pled SU(2) symmetry axes within the SU(3) symmetry
plane. Even though each SU(2) group is individually al-
gebraically indistinguishable from one another, they are
algebraically distinguishable as a geometrically coupled
group and therefore fundamentally all multiple quanti-
zation axes configurations adhere to the Pauli exclusion
principal. Also, the addition of multiple quantization
axes produces new symmetry requirements on any eigen-
vectors of the coupled group.
A. Single Quantization Axis Configurations Within
SU(3)
Using the relation τ = λ/2, the above three SU(2)
groups each produce intrinsic angular momentum rais-
ing, lowering, and “0-component” operators. The “0-
component” operator in turn defines the “spin-up” (α)
and “spin-down” (β) basis states along the respec-
tive quantization axis. In a spherical coordinate sys-
tem, the three intrinsic angular momentum groups are:
(τ12+ , τ
12
− , τ
12
0
), (τ45+ , τ
45
− , τ
45
0
), and (τ67+ , τ
67
− , τ
67
0
) [8].
The first intrinsic spin group within SU(3) is identified
with the “0-component” operator τ12
0
and defined along
the (12) quantization axis:
τ12
+
τ12
−
τ12
0

0 − 1√
2
0
0 0 0
0 0 0




0 0 0
+ 1√
2
0 0
0 0 0




+ 1
2
0 0
0 − 1
2
0
0 0 0

 ,
where:
α12 β12

1
0
0




0
1
0

 . (3)
The second intrinsic spin group within SU(3) is iden-
tified with the “0-component” operator τ45
0
and defined
along the (45) quantization axis:
τ45
+
τ45
−
τ45
0

0 0 0
0 0 0
− 1√
2
0 0




0 0 + 1√
2
0 0 0
0 0 0




− 1
2
0 0
0 0 0
0 0 + 1
2

 ,
where:
α45 β45

0
0
1




1
0
0

 . (4)
The third intrinsic spin group within SU(3) is identified
with the “0-component” operator τ67
0
and defined along
the (67) quantization axis:
τ67
+
τ67
−
τ67
0

0 0 0
0 0 − 1√
2
0 0 0




0 0 0
0 0 0
0 + 1√
2
0




0 0 0
0 + 1
2
0
0 0 − 1
2

 ,
3where:
α67 β67

0
1
0




0
0
1

 . (5)
The above “spin-up” and “spin-down” basis eigenvec-
tors shows that α12 has the same column matrix structure
as β45, β12 has the same column matrix structure as α67,
and α45 has the same column matrix structure as β67.
The algebraic coupling properties of the three intrinsic
angular momentum groups within the SU(3) group are
as follows:
Intra−Axis Inter−Axis
Commutation Relations Commutation Relations
[
τa
0
, τa
0
]
= 03,
[
τa
0
, τb
0
]
= 03,
[
τa
0
, τa
±1
]
= ± τa
±1
,
[
τa
0
, τb
±1
]
= ∓ 1
2
τb
±1
,
[
τa
+1
, τa
−1
]
= − τa
0
,
[
τa
+1
, τb
−1
]
= 03,
[
τa
±1
, τa
±1
]
= 03,
[
τa
±1
, τb
±1
]
= − 1√
2
τc
∓1
,
where “a,” “b,” and “c” are each one of the three cyclic
ordered (12:45:67) SU(2) groups contained within SU(3)
and a 6= b 6= c.[9]
B. Configurations Produced From Two
Quantization Axes
In the coupling of two intrinsic spin 1/2 angular mo-
mentum spaces, the coupled spaces form a triplet state
configuration with S
Total
= 1 and a singlet state configu-
ration with S
Total
= 0. These states are separated by one
unit of angular momentum ~ along the angular momen-
tum quantization axis. The same methodology applies
for the intrinsic spin basis states found in SU(3). Instead
of having one group with two basis states, there are three
groups with a total of six spin basis states. The two addi-
tional SU(2) groups allow for more coupling possibilities
than what is available within only one SU(2) group. Ad-
ditionally, since the “0-component” operators commute
with one another, we can simultaneously measure basis
states along each of the three axes and therefore construct
multi-axis configurations with these basis states.
The coupling of two “spin-up” basis states allows for
the combination of nine algebraically unique basis state
pair configurations having an eigenvalue +1 within the
SU(3) group space.
Eigenvalue = +1
α12α12 α12α45 α12α67
α45α12 α45α45 α45α67
α67α12 α67α45 α67α67
(6)
Similarly the coupling two “spin-down” basis states
allows for the combination of nine algebraically unique
basis state pair configurations having an eigenvalue −1
within the SU(3) group space.
Eigenvalue = −1
β12β12 β12β45 β12β67
β45β12 β45β45 β45β67
β67β12 β67β45 β67β67
(7)
Under a symmetry operation in which the spins of the
basis state pair are interchanged but the cyclic order-
ing of coupling axes is held constant, a Local Exchange
Transformation [L.E.T.], all of the above configurations
are symmetric and therefore are considered spectroscop-
ically as part of a triplet configuration. For example,
Local Exchange Transformation
[L.E.T.] : (↑a
1
↑b
2
) ⇋ (↑a
2
↑b
1
)
[L.E.T.]
Ψ = [α45α12] 7→ [α45α12] = + [α45α12]
Ψ 7→ Ψ′ = +Ψ.
Under a symmetry operation in which cyclic ordering
of coupling axes is interchanged and the spin state follows
the axis, a Global Exchange Transformation [G.E.T.],
only the six intra-axis (same axis) basis state pairs are
symmetric. For example,
Global Exchange Transformation
[G.E.T.] : (↓a
1
↓b
2
) ⇋ (↓b
2
↓a
1
)
[G.E.T.]
Ψ = [β12β12] 7→ [β12β12] = + [β12β12]
Ψ 7→ Ψ′ = +Ψ,
whereas,
Ψ = [β12β45] 7→ [β45β12] 6= ± [β12β45]
Ψ 7→ Ψ′ 6= ±Ψ.
The remaining dozen inter-axis basis state pairs need
an additional coupling into a larger configuration before
they become eigenstates under this operation. For ex-
ample, both configurations below are symmetric under
a [L.E.T.] symmetry operation while the | 1,−1〉 con-
figuration is symmetric and the | 1,+1〉 configuration is
4anti-symmetric under a [G.E.T.] symmetry operation.
| 1,−1〉 = 1√
2
(β12β45 + β45β12)
[L.E.T.] [G.E.T.]
7→ + | 1,−1〉, + | 1,−1〉;
| 1,+1〉 = 1√
2
(α67α12 − α12α67)
[L.E.T.] [G.E.T.]
7→ + | 1,+1〉, − | 1,+1〉.
Interestingly enough the two additional quantization axes
within the space defined by the coupled groups enable the
creation of configurations that are anti-symmetric under
a [G.E.T.]. These anti-symmetric configurations are not
available for this spin state configuration when only one
quantization axis is available in a group space. The above
basis state pairs produce twelve configurations that are
both symmetric under [L.E.T.] and [G.E.T.] operations
and six configurations that are symmetric under [L.E.T.]
but anti-symmetric under [G.E.T.] operations.
There are eighteen distinct coupled basis state pairs
that have an eigenvalue within the space equal to zero.
None are symmetric or anti-symmetric under local or
global exchange transformations:
Eigenvalue = 0
α12β12, α12β45, α12β67,
α45β12, α45β45, α45β67,
α67β12, α67β45, α67β67;
(8)
and
β12α12, β12α45, β12α67,
β45α12, β45α45, β45α67,
β67α12, β67α45, β67α67.
(9)
Intra-axis configurations that are symmetric under
both [L.E.T.] and [G.E.T.] have a form similar to (αaβa+
βaαa) while configurations that are anti-symmetric under
[G.E.T.] have a form similar to (αbβb−βbαb). Inter-axis
configurations of the form (αaβb ± βaαb) are not eigen-
vectors of [G.E.T.] even though they are eigenvectors of
[L.E.T.]. Additionally, inter-axis configurations of the
form (αaβc ± βcαa) are eigenvectors of [G.E.T.] but are
not eigenvectors of [L.E.T.]. Eigenvectors that are sym-
metric under both operations simultaneously have the
coupled basis state pairs configured into the following
form:
| 1, 0〉 = 1
2
(
(α12β45 + β12α45) + (α45β12 + β45α12)
)
.
Similarly, an eigenvector that is symmetric under a
[L.E.T.] and anti-symmetric under a [G.E.T] has the
form:
| 1, 0〉 = 1
2
(
(α67β12 + β67α12)− (α12β67 + β12α67)) .
The eighteen basis pair combinations having a “0-
component” eigenvalue equal to zero are symmetrized
into nine symmetric [L.E.T.] eigenvector configurations,
each containing two coupled basis state pairs. The
three intra-axis configurations need no additional sym-
metrization since they are symmetric eigenvectors un-
der both a [L.E.T.] and [G.E.T.] operation. The remain-
ing six inter-axis configurations need an additional sym-
metrization to produce [G.E.T.] eigenvectors, three of
which are [G.E.T.] symmetric and three are [G.E.T.] anti-
symmetric. In total, the above basis state pairs produce
six | 1, 0〉 eigenvectors that are both symmetric under
[L.E.T.] and [G.E.T.] operations and three configurations
that are symmetric under [L.E.T.] but anti-symmetric
under [G.E.T.] operations. These eigenvectors are con-
sidered as part of the triplet spectroscopic configuration
since they are symmetric under a [L.E.T.] operation.
As with the triplet configurations, we can create singlet
configurations that are anti-symmetric under an [L.E.T.]
operation and have a “0-component” eigenvalue within
the group space equal to zero. These singlet configura-
tions have the intra-axis forms of (αcβc−βcαc) and inter-
axis forms like (αcβb − βcαb). Inter-axis eigenvectors
having a definite [G.E.T.] symmetry require additional
combinations of these latter configurations. A configura-
tion that is anti-symmetric under [L.E.T.] but symmetric
under [G.E.T.] operations has a form similar to:
| 0, 0〉 = 1
2
(
(α67β12 − β67α12)− (α12β67 − β12α67)) ,
while a configuration that is anti-symmetric under
[L.E.T.] and anti-symmetric under [G.E.T.] operations
has a form similar to:
| 0, 0〉 = 1
2
(
(α67β12 − β67α12) + (α12β67 − β12α67)) .
The eighteen basis pair combinations having a “0-
component” eigenvalue equal to 0, are symmetrized into
nine anti-symmetric [L.E.T.] eigenvector configurations
and therefore are considered as part of the singlet con-
figuration. Three configurations are intra-axis configu-
rations and six are inter-axis configurations. The three
intra-axis group configurations are anti-symmetric eigen-
vectors under [G.E.T.]. An additional symmetrization of
the inter-axis group configurations produces three sym-
metric eigenvectors and three anti-symmetric eigenvec-
tors under a [G.E.T.] symmetry operation. In total the
above basis state pairs produce three | 0, 0〉 eigenvectors
that are anti-symmetric under [L.E.T.] and symmetric
under [G.E.T.] operations and six | 0, 0〉 eigenvectors that
are anti-symmetric under both [L.E.T.] and [G.E.T.] op-
erations.
In summary, the two additional SU(2) quantization
axes found within SU(3) symmetry group allows for ad-
ditional coupling possibilities over what is available with
only one available SU(2) quantization axis. Symmetriza-
tion of these coupled basis states pairs produce eigenvec-
tors that are symmetric or anti-symmetric under a local
exchange transformation. These eigenvectors are simi-
lar to those produced from a group with only one SU(2)
5quantization axis. Due to these extra quantization axes,
additional symmetrization produces symmetric and anti-
symmetric eigenvectors under a global exchange transfor-
mation symmetry operation. Some of these eigenvectors
are not available in a space containing only one SU(2)
quantization axis.
C. Configurations Involving Three Quantization
Axes
The coupling of three basis states occurs naturally
when we “go with the grain” defined by the singlet or
triplet core configuration. As with single quantization
axis configurations consisting of three spin basis states,
the three quantization axes configurations are quartets
and doublets. Using “a,” “b,” and “c” as markers for
the three cyclic ordered SU(2) groups contained within
SU(3), the quartet configurations produced from the
triplet core have the form:
| 3
2
,+ 3
2
〉
= (αaαaαa) or (αaαb ± αbαa)αc,
| 3
2
,+ 1
2
〉
= αaαaβa + (αaβa + βaαa)αa
or αaαbβc + (αaβb + βaαb)αc,
| 3
2
,− 1
2
〉
= βaβaαa + (αaβa + βaαa)βa
or βaβbαc + (αaβb + βaαb)βc,
| 3
2
,− 3
2
〉
= (βaβaβa) or (βaβb ± βbβa)βc.
doublets produced from a triplet core configuration have
the form:
| 1
2
,+ 1
2
〉
= +2αaαaβa − (αaβa + βaαa)αa,
or + 2αaαbβc − (αaβb + βaαb)αc,
| 1
2
,− 1
2
〉
= −2βaβaαa + (βaαa + αaβa)βa,
or − 2βaβbαc + (βaαb + αaβb)βc.
and the doublets produced from a singlet core configura-
tion have the form:
| 1
2
,+ 1
2
〉
= (αaβa − βaαa)αa,
or (αaβb − βaαb)αc,
| 1
2
,− 1
2
〉
= (αaβa − βaαa)βa,
or (αaβb − βaαb)βc.
In total there are nine different definable basis states
combinations for each of the above configurations. Three
are intra-axis and six are inter-axis. Each of these con-
figurations constitute core configurations and as with the
previous two-axis core configurations, extra symmetriza-
tion steps are needed to produce [L.E.T.] and [G.E.T.]
eigenvectors.
In the strategy to produced fully symmetrized eigen-
vectors under a [G.E.T.] operation, any first symmetriza-
tion step involves the coupling of two cores. This step
produces eigenvectors having a limited [G.E.T.] sym-
metry. Therefore additional symmetrization steps are
needed to produce eigenvectors having full a [G.E.T.]
symmetry. For example, inter-axis quartet state eigen-
vectors that are symmetric under a [L.E.T.] and sym-
metric under a limited [G.E.T.] operation involving the
interchange of the ordering of only the first two vector
spaces have the form:
| 3
2
,+ 3
2
〉
= (αaαbαc + αbαaαc),
| 3
2
,+ 1
2
〉
= (αaαbβc + αaβbαc + βaαbαc)
+ (αbαaβc + αbβaαc + βbαaαc),
| 3
2
,− 1
2
〉
= (βaβbαc + βaαbβc + αaβbβc)
+ (βbβaαc + βbαaβc + αbβaβc),
| 3
2
,− 3
2
〉
= (βaβbβc + βbβaβc);
while the inter-axis quartet state eigenvectors that are
symmetric under a [L.E.T.] and anti-symmetric under
the same limited [G.E.T.] operation have the form:
| 3
2
,+ 3
2
〉
= (αaαbαc − αbαaαc),
| 3
2
,+ 1
2
〉
= (αaαbβc + αaβbαc + βaαbαc)
− (αbαaβc + αbβaαc + βbαaαc),
| 3
2
,− 1
2
〉
= (βaβbαc + βaαbβc + αaβbβc)
− (βbβaαc + βbαaβc + αbβaβc),
| 3
2
,− 3
2
〉
= (βaβbβc − βbβaβc).
These latter four anti-symmetric eigenvectors under a
limited [G.E.T.] symmetry operation are not available
in a space containing only a single quantization axis.
Similarly, the inter-axis doublet configurations ema-
nating from the inter-axis triplet cores produce the fol-
lowing inter-axis configurational forms:
| 1
2
,+ 1
2
〉
= (+2αaαbβc − αaβbαc − βaαbαc)
+ (+2αbαaβc − αbβaαc − βbαaαc)
| 1
2
,− 1
2
〉
= (−2βaβbαc + βaαbβc + αaβbβc)
+ (−2βbβaαc + βbαaβc + αbβaβc),
and are all symmetric under a [L.E.T.] and a limited
[G.E.T.] operation, whereas the doublet configurations
| 1
2
,+ 1
2
〉
= (+2αaαbβc − αaβbαc − βaαbαc)
− (+2αbαaβc − αbβaαc − βbαaαc)
| 1
2
,− 1
2
〉
= (−2βaβbαc + βaαbβc + αaβbβc)
− (−2βbβaαc + βbαaβc + αbβaβc),
are all symmetric under a [L.E.T.] and anti-symmetric
under a limited [G.E.T.] operation. These last two con-
figurations do not exist in a vector space having only one
available quantization axis.
Up to this point in the production of symmetrized
eigenvectors, the total number possible eigenvectors for
each of the four quartet configurations and two doublet
6configurations equals nine. Six of the nine are symmetric
under both a [L.E.T.] and a limited [G.E.T.] operation
of which three are intra-axis and three are inter-axis con-
figurations. The remaining three are symmetric [L.E.T.]
inter-axis eigenvectors that are anti-symmetric under a
limited [G.E.T.] symmetry operation.
Finally, the inter-axis doublet configurations arising
from the inter-axis singlet cores produce the following
configurational forms that are anti-symmetric under a
[L.E.T.] and a limited [G.E.T.] operation:
| 1
2
,+ 1
2
〉
= (αaβbαc − βaαbαc) + (αbβaαc − βbαaαc),
| 1
2
,− 1
2
〉
= (βaαbβc − αaβbβc) + (βbαaβc − αbβaβc),
and produce the configurational forms that are anti-
symmetric under a [L.E.T.] and symmetric under a lim-
ited [G.E.T.] operation:
| 1
2
,+ 1
2
〉
= (αaβbαc − βaαbαc) − (αbβaαc − βbαaαc),
| 1
2
,− 1
2
〉
= (βaαbβc − αaβbβc) − (βbαaβc − αbβaβc),
As in the previous case, these last two configurations
are not definable within a space containing only one
available quantization axis. For a configuration aris-
ing from a the singlet core, the total number possible
eigenvectors also equals nine for each of the two doublet
configurations. Six of the nine are anti-symmetric un-
der both the [L.E.T.] and a limited [G.E.T.] operation.
Three are intra-axis and three inter-axis configurations.
The remaining three inter-axis configurations are anti-
symmetric under a [L.E.T.] operation and symmetric for
a limited [G.E.T.] operation.
D. Configurations Involving Four or More Basis
States
Since the SU(3) group contains three SU(2) symme-
try quantization axes, the coupling of four or more ba-
sis states into configurations now occurs more naturally
when we couple the above coupled configurations with
one another in a parallel mode using standard vector cou-
pling methods followed by a symmetrization over that of
the serial additive mode of coupling additional uncoupled
vector spaces to the above configurations. In many ways
the four or more basis state parallel coupling method-
ology mimics the nuclear shell model in which protons
and neutrons within the nucleus couple separately prior
to any final configuration coupling.
In the parallel coupling mode, coupling singlets or
triplets with one another produces configurations con-
taining four basis states. Here, two separate configura-
tions couple together (each of which can be intra-axis
or inter-axis configurations). The coupling of core con-
figurations, [(3S)(3S)] produces the terms 5S2,
3S1,
1S0.
The coupling of core configurations involving [(3S)(1S)]
produces two 3S1 states. Finally, the coupling of core
configurations [(1S)(1S)] produces the 1S0 configuration.
Additional symmetrization steps are needed to produce
the fully symmetrized [L.E.T.] and [G.E.T.] eigenvectors.
In the serial coupling mode, the coupling of a sin-
gle inter-axis core configuration comprised of three basis
states to a single axis (valence-like) basis state produces
configurations containing four basis states. Core config-
urations ([3S] 4S3/2), ([
3S] 2S1/2), and ([
1S] 2S1/2), cou-
pling to an additional basis state produces produces the
terms 5S2,
3S1,
1S0,
3S1, and
1S0. As with the paral-
lel coupling method, extra symmetrization steps produce
the fully symmetrized [L.E.T.] and [G.E.T.] eigenvectors.
The transformation from a vector space defined by
parallel coupling configuration eigenvectors to one de-
fined by serial coupling configuration eigenvectors oc-
curs through the transformational mapping defined by
Clebsch-Gordon coefficient tables. A rotation of tanθ =
±1/√2 exists between two of the basis states within the
coupled space. All other eigenvectors map onto one an-
other singly and therefore represent a 100% geometrical
overlap between the two coupling configuration represen-
tations. This is shown in the transformation below.

([3S] 4S3/2)
5S2
([3S] 4S3/2)
3S1
([3S] 2S1/2)
3S1
([1S] 2S1/2)
3S1
([3S] 2S1/2)
1S0
([1S] 2S1/2)
1S0


= M


([3S](3S)) 5S2
([3S](1S)) 3S1
([3S](3S)) 3S1
([1S](3S)) 3S1
([3S](3S)) 1S0
([1S](1S)) 1S0


,
where:
M =


1 0 0 0 0 0
0 +
√
2
3
+
√
1
3
0 0 0
0 −
√
1
3
+
√
2
3
0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


.
As with configurations consisting of four basis states,
SU(3) configurations containing five basis states are best
created from parallel coupling a doublet or quartet con-
figuration with that of a singlet or triplet configuration.
Any combination of inter-axis configurations and intra-
axis configurations are possible. The coupling of the core
configuration [(4S3/2)(
3S1)] produces the spectral terms
of 6S5/2,
4S3/2, and
2S1/2, while the [(
4S3/2)(
1S0)] core
produces a 4S3/2 term. Similarly the core configuration
of [(2S1/2)(
3S1)] produces both
4S3/2 and
2S1/2, while
the [(2S1/2)(
1S0)] produces the
2S1/2 configuration. Fi-
nally the core of [(2S1/2)(
3S1)] produces
4S3/2 and
2S1/2,
7and [(2S1/2)(
1S0)] produces
2S1/2. All of the above con-
figurations need additional symmetrization to become
eigenvectors of both a local exchange transformation and
a global exchange transformation operations. Clebsch-
Gordon coefficient tables details the geometrical overlap
between parallel coupling configuration eigenvectors and
serial coupling configuration eigenvectors.
IV. INTRINSIC PHASES BETWEEN
MULTI-QUANTIZATION AXES BASIS STATES
The configurations outlined in the previous section
have basis states defined along one of the three intrinsic
angular momentum (or isospin) quantization axes found
within the SU(3) group. Implicit within these configu-
rations is the concept of the center of the group which
itself is governed by the relations found in equation 1.
It is this concept of a group center that leads to two
intrinsic properties of the group. The first being a posi-
tive directionality associated with each quantization axis
as referenced to the group center and defined by the re-
spective α and β basis states of the axis. The second
being that the quantization axes are geometrically dis-
tinguishable within the coupled group. This latter prop-
erty ensures that for the eigenvectors of the group, no
two “spin-up” or “spin-down” basis states are geometri-
cally equivalent even if their underlying algebraic forms
are. In the coupled SU(2) groups of SU(3), the algebraic
form of the intrinsic angular momentum α12 basis state is
structurally equivalent to β45, the algebraic form of β12
is structurally equivalent to α67, and the algebraic form
of α45 is the structurally equivalent to β67.
| τ, τ
0
〉12 | τ, τ
0
〉45 | τ, τ
0
〉67
“spin-up” α =


1
0
0

 ;


0
0
1

 ;


0
1
0

 ;
“spin-down” β =


0
1
0

 ;


1
0
0

 ;


0
0
1

 .
The structural equivalence between eigenvectors of one
quantization axis with that from another quantization
axis permits raising and lowering operators defined along
one axis to have the ability to algebraically operate on
basis states defined along other axes. This non-zero op-
erational effect on inter-axis basis states coupled with
the axes relationship to the center of the group allows
for a definite cyclic ordering sequence of the SU(2) quan-
tization axes to be characterized by phase relationships
between the axes. This phase is internal to the parameter
space defined by the SU(3) group and allows the above
structurally equivalent basis states to be distinguishable
but operationally physically equivalent to one another.
This section explores the internal phase relationships be-
tween the groups basis states and the effects of groups
operators acting on them.
A. Phase Relationships Between Positive
Directionality Quantization Axes Basis States
As described in the introduction to this section, there
is an intrinsic positive directionality associated with the
three SU(2) quantization axes that is defined by the re-
spective intrinsic angular momentum α and β basis states
on the axis. Additionally, the internal cyclic ordering of
the three SU(2) quantization axes is defined with respect
to the center of the group which itself is governed by the
relations found in equation 1. This cyclic ordering pro-
duces a definable geometric phase relation between the
three SU(2) quantization axes within the SU(3) group
which in turn produces a definable geometric phase be-
tween structurally equivalent basis states. The phase
equivalence relationships between the basis states con-
tained within the SU(3) group are:
α12 = + e−2pi/3β45, β45 = + e+2pi/3α12,
α45 = + e−2pi/3β67, β67 = + e+2pi/3α45,
α67 = + e−2pi/3β12, β12 = + e+2pi/3α67.
(10)
The above phase equivalence between inter-axis basis
states allow for another interesting phenomenon to oc-
cur. During a raising or lowering operation on a viable
inter-axis basis state, the phase associated with the inter-
axis basis state is left dangling. This dangling phase is
absorbable into any basis states within the configuration
(since the phase is internal to the group) to produce con-
figurations having no dangling phases. For example, a
lowering operation defined along the (67) axis acting on
the (β12α45) configuration produces the (β67β67) config-
uration:
τ67
−1
(β12α45 )
= τ67
−1
( (e+2pi/3α67)α45 )
= τ67
−1
(α67 (e+2pi/3α45 ) )
= τ67
−1
(α67 β67 ) = − 1√
2
(β67 β67 ),
where (β67 β67) is within a phase equivalent to and in-
distinguishable from the basis state pair configurations of
(α45 β67), (β67 α45), and (α45 α45). The two other low-
ering operators, τ12
−1
and τ45
−1
, operating on the (β12α45)
configuration produce ∅ and − 1√
2
(β12β45) respectively.
These latter configurations are completely distinguish-
able from the one that the τ67
−1
operator produces. Table
I details the resultant intrinsic angular momentum (or
isospin) basis states produced from raising and lowering
operations on the intra-axis and inter-axis intrinsic angu-
lar momentum (or isospin) basis states contained within
the SU(3) group.
8TABLE I. This table shows the resultant positive directionality defined basis state produced by raising and intra-axis lowering
operators acting on positive directionality defined intra-axis and inter-axis intrinsic angular momentum (or isospin) basis states
within the SU(3) group. Operations involving inter-axis basis states produce a definable phase (internal to the group) associated
with the resultant basis state.
α12 β12 α45 β45 α67 β67
τ 12
+1
∅ + 1√
2
α12 ∅ ∅ + e
−2pi/3
√
2
α12 ∅
τ 12
−1
− 1√
2
β12 ∅ ∅ − e
+2pi/3
√
2
β12 ∅ ∅
τ 45
+1
+ e
−2pi/3
√
2
α45 ∅ ∅ + 1√
2
α45 ∅ ∅
τ 45
−1
∅ ∅ − 1√
2
β45 ∅ ∅ − e
+2pi/3
√
2
β45
τ 67
+1
∅ ∅ + e
−2pi/3
√
2
α67 ∅ ∅ + 1√
2
α67
τ 67
−1
∅ − e
+2pi/3
√
2
β67 ∅ ∅ − 1√
2
β67 ∅
B. Phase Relationships Between Negative
Directionality Quantization Axes Basis States
In some cases these internal phases are associated with
basis states definable with respect to the negative direc-
tionality of a quantization axis. Within the group, the
negative directionality of a quantization axis is orientated
±π relative to the positive directionality of the quanti-
zation axis. A “spin-up” basis state defined with respect
to the positive directionality of a quantization axis is ge-
ometrically equivalent to a “spin-down” defined with re-
spect to the negative directionality of that quantization
axis. Similarly a “spin-down” basis state defined with re-
spect to the positive directionality of a quantization axis
is equivalent to geometrically a “spin-up” defined with re-
spect to the negative directionality of that quantization
axis. These negative directionality referenced intrinsic
angular momentum basis states have opposite eigenval-
ues to the basis states defined in reference to the positive
directionality of a quantization axis.
The relationship between positive and negative direc-
tionality intra-axis basis states is given by the following
expressions:
α = − e+pi β and β = − e−pi α. (11)
SU(2) eigenvectors found within the SU(3) group ref-
erenced to the quantization axes negative directionali-
ties have the following intrinsic angular momentum (or
isospin) basis state structural forms:
| τ, τ
0
〉12 | τ, τ
0
〉45 | τ, τ
0
〉67
“spin-up” α =


0
−1
0

 ;


−1
0
0

 ;


0
0
−1

 ;
“spin-down” β =


−1
0
0

 ;


0
0
−1

 ;


0
−1
0

 .
When operated by an intra-axis “0-component” opera-
tor, the above basis states eigenvectors yield the appro-
priate eigenvalue for its namesake. A ”spin-up’ produces
a +1/2 eigenvalue while a ”spin-down” produces a −1/2
eigenvalue.
Using the phase equivalences associated with the pos-
itive directionality basis states and the relationship be-
tween positive and negative directionality intra-axis ba-
sis states, the inter-axis relationship between the positive
and negative axis orientation group basis states are:
α12 = − e+pi/3 α45, α45 = − e−pi/3 α12,
α45 = − e+pi/3 α67, α67 = − e−pi/3 α45,
α67 = − e+pi/3 α12, α12 = − e−pi/3 α67,
(12)
and
β12 = − e−pi/3 β67, β67 = − e+pi/3 β12,
β45 = − e−pi/3 β12, β12 = − e+pi/3 β45,
β67 = − e−pi/3 β45, β45 = − e+pi/3 β67.
(13)
From the above mapping, the internal phase relationships
9between the negative directionality basis states are:
α12 = + e+2pi/3β67, β67 = + e−2pi/3α12,
α45 = + e+2pi/3β12, β12 = + e−2pi/3α45,
α67 = + e+2pi/3β45, β45 = + e−2pi/3α67.
(14)
These basis states can conceptionally be thought of as
being “anti-basis” states when viewed from the positive
directionality associated with the center of the group.
As with the positive directionality defined basis states,
operations involving negative directionality defined ba-
sis states are possible. For example, a raising operation
defined along the (67) axis acting on the (α67 β45) ba-
sis state pair configuration produces the + 1√
2
(β67 β45 +
β45 β67 ) configuration:
τ67
+1
(α67 β45 )
= ( τ67
+1
α67 )β45 + α67 ( τ67
+1
β45 ),
= (+ 1√
2
β67 )β45 + α67 (+ 1√
2
e−2pi/3β67 ),
= + 1√
2
(β67 β45 ) + 1√
2
( e−2pi/3α67 )β67,
= + 1√
2
(β67 β45 ) + 1√
2
(β45 )β67,
= + 1√
2
(β67 β45 + β45 β67 ).
Table II details the resultant basis states produced
from the raising and lowering operations on the nega-
tive directionality intra-axis and inter-axis intrinsic an-
gular momentum (or isospin) basis states. A factor of
−1 can be applied to each of the resultant basis states in
table II to transform them into conceptionally equivalent
“anti-basis” states as referenced to the positive direction-
ality associated with the center of the group. This latter
transformation results in an eigenvalue polarity change.
With the above internal phase equivalences in place,
operations involving raising and lowering operators can
not only transform basis state configurations among dif-
ferent intrinsic angular momentum (or isospin) quanti-
zation axes available within the SU(3) group, but also
bridge the gap between basis state configurations defined
with respect to the positive directionality of the group
center and those defined with respect to the negative di-
rectionality of the group center.
τ12
−
(α67 α45 )
= ( τ12
−
α67 )α45 + α67 ( τ12
−
α45 ),
= ( ∅ )α45 + α67 ( τ12
−
( e+2pi/3 β12 ) ),
= − 1√
2
( ( e+pi/3α67 )( e+pi/3α12 ) )
= − 1√
2
α45α67,
and
τ45
+
(β12 β45 )
= ( τ45
+
β12 )β45 + β12 ( τ12
+
β45 ),
= (+ e
−2pi/3
√
2
β45 )β45 + β12 ( ∅ ),
= + 1√
2
( ( e−pi/3β45 )( e−pi/3β45 ) )
= + 1√
2
β67β67.
V. CONCLUSIONS
In conclusion, we have detailed the algebraic structure
of the three coupled SU(2) groups contained within the
SU(3) group. Each of these three SU(2) groups has an
independent quantization axis from which “spin-up” and
“spin-down” intrinsic angular momentum (or isospin) ba-
sis states are definable and simultaneously measurable.
Since these groups follow standard SU(2) algebraic rela-
tions, all the quantum mechanical foundations associated
with general angular momentum coupling are valid and
applicable to the SU(2) basis states of SU(3). These axes
allow for the possibility of both intra-axis basis state con-
figurations (comprised from basis states defined from a
single quantization axis) and inter-axis basis state config-
urations (comprised from basis states defined from multi-
ple quantization axes). Some of these configurations have
exchange transformation symmetries that do not exist in
vector spaces having only one intrinsic angular momen-
tum (or isospin) quantization axis available for basis state
coupling.
Additionally, each of the three quantization axes has an
associated positive directionality defined by the two basis
states along that axis. Due to the algebraic nature of the
coupling of the three equivalent SU(2) algebraic groups
into a SU(3) group structure, these previously indistin-
guishable individual quantization axes (and basis states)
become distinguishable by a definable parameter space
phase that is geometrically referenceable the center of the
coupled group. These phases also enable the definition of
a negative directionality to each of the quantization axes.
This in turn produces an associated but separate set of
basis states to those defined by the positive directional-
ity of the axis. The consequence of these phases is that
the intrinsic angular momentum (or isospin) raising and
lowering operators not only allow for intra-axis and inter-
axis transformations between basis state configurations,
but they also allow for transformations between positive
and negative quantization axis directionality basis state
configurations.
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TABLE II. This table shows the resultant negative directionality defined basis state produced by raising and intra-axis lowering
operators acting on negative directionality defined intra-axis and inter-axis SU(2) basis states within the SU(3) group. Op-
erations involving inter-axis basis states produce a definable phase (internal to the group) associated with the resultant basis
state.
α12 β12 α45 β45 α67 β67
τ 12
+1
+ 1√
2
β12 ∅ ∅ ∅ ∅ + e
−2pi/3
√
2
β12
τ 12
−1
∅ − 1√
2
α12 − e
+2pi/3
√
2
α12 ∅ ∅ ∅
τ 45
+1
∅ + e
−2pi/3
√
2
β45 + 1√
2
β45 ∅ ∅ ∅
τ 45
−1
∅ ∅ ∅ − 1√
2
α45 − e
+2pi/3
√
2
α45 ∅
τ 67
+1
∅ ∅ ∅ + e
−2pi/3
√
2
β67 + 1√
2
β67 ∅
τ 67
−1
− e
+2pi/3
√
2
α67 ∅ ∅ ∅ ∅ − 1√
2
α67
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